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Automatic Differentiation in Robust Optimization
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In this study the use of automatic differentiation techniques significantly reduces the number of analysiscalls and
the CPU time required for robust optimum design. Traditionally, robust optimum design procedures have relied
on finite differencing techniques to evaluate sensitivities for use in gradient-based optimization. Robust objective
functions and robust constraints are typically formulated as compound functions that invoke the original objective
or constraint many times for each robust evaluation. In this research, automatic differentiation techniques are
used to avoid the costly finite differencing of robust objective functions and robust constraints. Sensitivities calcu-
lated using automatic differentiation are exact and therefore enhance performance. Two new robust optimization
extensions are developed to evaluate the utility of using automatic differentiation in robust optimization. One is
a sensitivity-based procedure, and the other makes use of experimental design techniques. These two new robust
optimization extensions are successfully implemented in application to an aircraft concept sizing test problem.

I. Introduction

NCREASING emphasis in engineering design is focused on ac-

counting for manufacturing variations and functional variances
in operation. Engineers have traditionally relied on postoptimality
analysis to evaluate the sensitivities of their designs to variations in
parameters or design variables.!* Taguchi®® introduced the con-
cept of parameter design to improve the quality of a product whose
manufacturingprocess involvessignificant variability. Taguchi’s pa-
rameter design concept reduces variation in performance by reduc-
ing the sensitivity of an engineering design to sources of variation
rather than controlling the sources. Taguchi techniques were based
on direct experimentation. However, designers often use computer
programs to evaluate performance functions instead of actual ex-
periments. d’Entremont and Ragsdell’ developed a nonlinear code
that applies Taguchi’s concepts to design optimization.

In robust or statistical optimization, we are interested not only in
parameter sensitivities but also in finding the feasible combination
of design variables that minimize both the objective functionand its
sensitivity to design variable variation. There is a need to incorpo-
rate the calculationof sensitivity derivativesduring the optimization
procedure rather than after optimization.

Robust optimum design procedureshave been developedand im-
plemented in several studies over the past seven years.3~20

One issue that has not been adequately addressed in previous in-
vestigationsis the cost associated with obtaining sensitivities within
robustoptimization procedures. Most of the computationalresearch
in robust optimization has focused on developing efficient robust
objective and robust constraint formulations. Researchers have de-
veloped robust formulations that do not require a priori knowledge
of probability functions. In addition, the robust formulations avoid
integration of the function multiplied by its probability function
over the variationregion to evaluate function variance. These robust
formulations, although efficient at estimating variance, introduce
significant costs when used in robust optimization.

The major cost introduced when performing robust optimization
is the computational cost of obtaining derivatives (i.e., sensitivities)
for optimization. Robust objective functions and robust constraints
are typically formulated as compound functionsthat invokethe orig-
inal objective or constraint on the order of (n + 1) to (2n + 1) times
per evaluation, where n is the number of design variables in the op-
timization problem. Therefore, using finite differencing techniques
(forward or central) to evaluate the gradients of these compound
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functions requires on the order of (n + 1) to (2n + 1)? original
function evaluations.

We are aware of two investigations'®:2° in which the computa-
tionalcosts of calculatingsensitivitiesof the robustdesignobjectives
and constraintsare addressed. In Ref. 20, the original objective and
constraintsare approximated by quadraticresponse surface models.
Sensitivities of these response surface models can be calculated an-
alytically by using the coefficients of the response surface model.
In Ref. 18, a Plackett-Burman statistical test plan is used to gen-
erate a quadratic polynomial model to approximate the constraints.
Once the approximationmodel is generated, the coefficientsare used
to calculate the first and second derivatives. Although these sensi-
tivities are obtained inexpensively, there is some question about
their utility in estimating function variance because the quadratic
response surface models may not capture the variation of the origi-
nal function.

In this research, the automatic differentiationtool ADIFOR?! is
used to reduce the computational expense associated with finite
differencingin robust optimization. ADIFOR implements an exten-
sional form of automatic differentiation. That is, it mainly serves
as a preprocessor that compiles the original code and develops an
enhanced code that can calculate both the original output and the
sensitivities.

Sensitivitiescalculated by automatic differentiationare exactand
therefore should enhance performance. To evaluate the utility of us-
ing automatic differentiationin robust optimization, two new robust
optimization extensions are developed. One is a sensitivity-based
procedure, and the other makes use of experimental design tech-
niques.

II. Robust Optimization

In conventional optimization problems, the objective is to min-
imize/maximize a linear or nonlinear function of many variables
subject to a set of constraints. In contrast, robust optimization aims
to optimize not only the function value but also its sensitivity due
to the variation of the design variables and parameters. Figure 1
illustrates the concepts of robust optimization for an unconstrained
design space.

In Fig. 1, a single variable (x) objective function f(x) is used
for illustrative purposes. Equation (1) details the objective function
formulation used:

9
f(x) = Zaf(x —900)=" (1
where a; = _659.23, a, = 190.22, a5 = _17.802, a, = 0.82691,
as = _0.021885, as = 0.0003463,a; = _3.2446 10-%, ag =
1.6606 <, 10-%, and ay = _3.5757 , 101,

Points 1 and 2 are the convention?&and robust optimums, respec-
tively. At the conventional optimum (point 1), a variation of 410
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Fig.2 Robust objective function.

units in the design variable x (approximately 1% variation) results
in a range of possible variation for the objective function, depicted
as Af(1). At the robust optimum (point 2) a much smaller range
for the change in objective A f(2) is observed for the same variation
of 410 units in the design variable x. It is obvious that the robust
opfimum is much less sensitive to variations in the design variable x.

Robust optimization strategies consider not only the objective
function value but also its variation when the design variables and
parameters have fluctuations. Equation (2) defines one of the robust
objective functions used in this research. It is developed in this
section to illustrate the concept of robust optimization:

F(x) = fu(x)+ oSI 2)
where
SI= Ezfi—fc)z (3)

Here f. is the current design’s (x°) function value and SI is the
sensitivity index, which was defined by Sundaresan et al3 SI is
calculated from objective function sampling in the variation region
near the current design. In our example (Fig. 1), the function values
/i of Eq. (3) are evaluated at sampling points

x' = (x° 4 10)
located about the current design. In this example, the number of
sample points ns equals 2, and ais a weighting factor for SI.

Figure 2 depicts the robust objective function F(x) of Eq. (2)
applied to the objective function f(x) of Eq. (1) for different values
of avwhere a variation 8in x of 410 is used and two sample points
(x+ &) and (x _ ) are evaluatedTor this one-dimensional problem.
Note that the robust optimum (2) denoted in Fig. 1 is obtained by
using a value of = 1.0 in the robust objective function F.

There is a tradeoff between reducing the variation of the function
and minimizing the function value itself. Robust optima are less

sensitive to the variation of the design variables, but the function
value is larger than that at conventional optima. The engineer must
be willing to trade off an increase in the function value for a decrease
in variation when moving from the conventionaloptimum (point 1)
to the robust optimum (point 2) in Fig. 1.

III. Literature Review

Significant research in the area of robust optimization has been
ongoing for the past seven years. This section providesan overview
and comparison of several strategies that are related to those devel-
oped in this investigation. Sundaresan et al.}~!% developed robust
optimization methods that account for manufacturing and opera-
tional variations. They made use of concepts from statistical design
of experiments to approximate the expected value of performance.
Ramakrishnan and Rao'>!* formulated the robust design problem
as a nonlinear optimization problem with Taguchi’s loss function
as the objective. They used many statistical concepts, such as the
expected value of the objective function, the variance of the objec-
tive function, and the expected value of constraints. Each of these
quantities requires sensitivity information of either the objective
function or the constraints to approximate their variations. Mistree
et al.'* developed a robust design methodology within a decision
support problem?? using Monte Carlo simulations with orthogonal
arrays. Chen et al.? extendedthis earlier work by integrating the re-
sponse surface method within the robust compromise decision sup-
portproblem. Chen etal.”’ developeda fitted responsesurface model
of the objective function. Using this response surface model, they
derived a sensitivity-based estimate of variance. The variance was
then used as an input to compromise the decision support problem.
They suggested use of a response surface instead of an expensive
computer simulation for robust optimization. Using this approach,
there is always a tradeoff between the number of experiments used
and the accuracy of the estimated model. Teng et al.'® and Emch and
Parkinson!” addressed robust design from a different point of view.
They developeda feasibility robustness problem in which they con-
sidered the variationsof system variables and parametersto be fixed
or maximized while the design remains feasible within a specified
probability. To consider feasibility robustness, they accounted for
the constraintvariationby using eithera first-orderora second-order
sensitivity model based on a statistical or worst-case analysis. Two
methods were used to generatethe required partialderivativesto cal-
culatethe transmitted variationsin the constraints. One method uses
finite differencingto calculate the first-order and the second-order
derivatives. The other method uses a Plackett-Burman statistical
test plan to generate a quadratic polynomial model to approximate
the constraints. Once the approximationmodel is generated, the co-
efficients are used to calculate the first and the second derivatives.

IV. Computational Considerations
in Robust Optimization

Robust optimizationsignificantly increasesthe computationalre-
quirements in comparison to traditional optimization. The robust
objective functions and robust constraint formulations used in ro-
bust optimization are compound functions that require invoking the
conventional objective or constraints on the order of n + 1 times,
where 7 is the number of design variables. For example, consider a
constrained optimization problem that has 10 design variables, each
of which has some variation.

If the method of Sundaresanetal.®~1* isused, assuminganL-16
orthogonalarray, then one robust objective function F(x) evaluation
will require 16+ 1 evaluationsof the original objective f(x). When
applying a conventional gradient-based optimizer for the robust op-
timizationof F(x), the numberoforiginalfunctionevaluations f(x)
escalates because of the optimizer invoking finite difference calcu-
lations to obtain the gradient of F(x). Central differencing of F(x)
requires (20 y, 16) = 320 original function evaluations f(x) to
obtain the gr:c)léient information of F(x) for just one iteration of
the robust optimizer. Evaluation of the gradients of the robust con-
straints g#(x) in the method of Sundaresan et al.*™'* introduces
similar costs. The robust constraints gxx) must be evaluated an
additional 20 times to evaluate the gradients of the constraints by
central differencing. For each of these evaluations,an additional 20
evaluationsof the original constraints g;(x) are required to estimate
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by central differencing the sensitivities required in evaluating the
robust constraint g x(x). This results in (20 y, 20) = 400 original
constraint evaluations to obtain gradients of the robust constraints.
This can be computationally prohibitive in engineering problems.

If the method of Ramakrishnan and Rao'?1? is used, the sensi-
tivities of the original function f(x) are required in evaluating the
robust objective. Evaluation of the gradient by central differencing
requires 20,20 = 400 original function calls per optimization iter-
ation. Evaluation of the gradients of the robust constraints are even
more expensive because second-order sensitivities are required in
evaluating the expected value of the constraints.

The robust constraint formulations of Teng et al.!® introduce sim-
ilar costs associated with finite differencing. To address this, they
use a Plackett-Burman statistical test plan to generate a quadratic
polynomialmodel to approximate the constraints. Once the approx-
imation modelis generated, the coefficients are used to calculate the
first and second derivatives. They calculate this second-order infor-
mation only once and invoke several constraint calls to develop the
polynomial approximation.

Chen et al.? use response surfaces to eliminate the costs associ-
ated with obtaining sensitivity information of the original functions
within the robust objective and constraint formulations. The use of
response surfaces may have a negative impact if the variation of
the actual function is lost in the response surface model established
by a quadratic least-squares regression. Although sensitivities can
be extracted easily from a response surface model, they may be in-
accurate. In addition, the method requires that one invoke several
function calls to develop the response surface approximation.

The automatic differentiation tool ADIFOR?! is used in this re-
search to eliminate the computationalexpense associated with finite
differencing in robust optimization. The basic premise of automatic
differentiation is that all computations eventually can be broken
down into the elementary operations (addition, subtraction, multi-
plication, and division) and functions (trigonometric, exponential,
etc.). Therefore, if all of the basic derivative components of these
operations and functions are known, which they readily are, then
the chain rule can easily be applied to numerically propagate the
derivative through a complicated equation or set of equations. Au-
tomatic differentiation provides a very efficient tool for sensitivity
calculations in robust optimization.

V. Robust Optimization Extensions

Because robust optimization s a relatively new area of research,
there exists a lack of a common language in the existing body of
literature. Many conceptscurrently being used are ambiguous. Some
authors define their own concepts or have borrowed names (e.g.,
statistical objective function, sensitivity index, expected value of
the function, variance, feasibilityrobust, parameterdesign, tolerance
design, etc.) from other research areas. In this research, an attempt
has been made to define each term used.

Two new robust optimization extensions are developed for ap-
plication studies. One is sensitivity based, and the other makes use
of experimental design techniques. In each method, an objective
function and constraint formulation for robust optimization will be
constructed. Each of these objective functions and constraints for
robust optimization consists of two parts, the original or conven-
tional function combined with an estimate of the variation of the
function. We introduce a weighting factor that allows the user to
weigh the two parts according to the problem requirements.

Inthisresearch, Ois referredto as the variationof designvariables.
Ifthe standarddeviationof'the design variables defined by statistical
analysis is o, then the variation dof the design variable assumed in
robust optimization studies can be set to o, 20, or 3o depending on
the confidence required by the user.

The variation of the objective function vr¢[ f(x)] and the varia-
tion of constraints Ag(x) are defined by formulas in the following
sections. They are terms related to the common terms of variance
and deviation in statistical analysis but are not exactly the same.

The expression “worst-case combination of design variables”
refers to designs in which each of the design variables has been
perturbedrelative to the currentdesign, either as a positive variation
(+9) orasanegative variation(_0). The experimentaldesign-based

robust optimization procedure evaluates designs at these worst-case
combination sites.

Conventional Optimization
The general formulationfor a conventionaloptimization problem
is as follows.

Minimize
f(x) x =[x, %, X0 4
subject to
hi(x)=0 k=1,...,K 5
gj(x)ZO j=1L...,J (6)
x,L <x,»<x,U i=1,....n (7

Note that the equality constraints cannot be satisfied in robust
optimization. That s, it is almost impossible for an optimum pointto
be located where the equality constraint is insensitive to variations.
The equality constraintscould be relaxed so that robust optimization
couldbe performed. Only inequality constraintsare addressed in this
research.

Sensitivity-Based Robust Optimization

In this section, a robust optimization strategy is developed. It
makes use of sensitivity information, i.e., gradient information for
the objective function and constraints. The sensitivity information
is used to approximate variations in the objective function and con-
straintsdue to variation in the design variables (x. Equations (8—14)
detail our sensitivity-basedrobust optimization formulation.

Minimize

F(x)= f(x)+ owri[ f(x)] (8)

subject to
gHx) = g;(x) _Ag; ZOAO j=1,...,J 9)
anew <X <x§éw (10)

where

n a 2
vrt[ f(x)] = \]72(55) (11)
n a ,
Ag; = ﬁa—;‘j&‘ (12)

Xy, = Xi + O (13)

xﬁéwi =x _0 (14)

The robust objective [Eq. (8)] developed here considers both the
function and its variation. It is an approximation of standard de-
viation of the objective function. Equation (11) assumes that the
function value does not change severely in the deviationrange (-6)
of the design, so that the first-order Taylor series terms at the current
point provide a good approximation of the variation. The weight o
can be adjusted by the user in the robust optimization procedure.
The term aallows the user to trade offa reductionin f(x) relativeto
a reduction in the variation. In well-scaled optimization problems,
a value of a= 1 has worked well.

Equation (9) considers constraint variation by a formulation sim-
ilar to the methods of Teng et al.'® and Emch and Parkinson.!” The
worse-case variation of the constraints is approximated in Eq. (12).
These new constraints account for the effect of the variation of the
design variablesand parameters. Adding variationto constraintshas
the effect of reducing the size of the feasible region. The optimum
design is moved into the reduced feasible region so that the design
will stay feasible when subjected to variation in design variables or
parameters.

To account for variations that lead to violations of the upper and
lower variable bounds of the original optimization problem, the
upper and lower bounds of the design variables are shifted by the
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amount of the worst-case variation. This ensures that all variations
are within the original problem bounds [Eqgs. (13) and (14)].

Experimental Design-Based Robust Optimization

In this section, an experimental design-based robust optimization
strategy is developed. This strategy makes use of Taguchi’s orthog-
onal arrays to specify an experimental design plan for evaluating
the variation of the objective function and constraints. A penalty
function formulation [Eq. (17)] is adopted in this method to avoid
the undesired overhead associated with robust constraint gradient
calls as in the method of Sundaresan et al.®~1

Minimize

F(x) = f(x) + avri] f,(x)] (15)

subject to
Fnew <X < new (16)

where

fo(x) = f(x) + AR, g(x)] (17)
1= [ SN £ 18)
Joi = fr(x +8) (19)
Joe = Jp(x) (20)
X =X+ 8 1)
Noew, = Xi =0 (22)
= Rz(0)] (23)
o= T
g/(0) >0 j=1,...,J (25)

The robust objective function [Eq. (15)] has two parts, the func-
tionand its variation. The variation vr[ f,(x)] in this formulationis
similar to the SI in the method of Sundaresan et al.®~10 It is defined
as the root-mean-squarevalue of the difference betweenthe value of
the sample points and the function value at the current point. Note
that there are no explicit constraints used in this formulation. Con-
straintsare consideredin Eq. (17)as penalty terms. This formulation
simultaneously accounts for objective and constraint variations.

The sample designs i in Egs. (18) and (19) are selected by using
an orthogonal array to determine the combination of design vari-
ables for fractional factorial experiments. These sampling points
are composed of combinations of the worst-case variation of the de-
sign variables. Their use in Eqs. (17) and (18) provides an estimate
of the variation of the penalty function value f,, in the worst-case
region of variation.

The variable boundariesare treated the same as in the sensitivity-
based method. The constraints are not considered formally in this
robust strategy as they are already accounted for in the penalty
function. In this method, variations in constraints are considered
simultaneously with variation in the objective function through use
of the familiar penalty function approach?® for optimization.

VI. Automatic Differentiation Implementation Details

In this research, ADIFOR is applied successfully for robust opti-
mization in both the experimental design and the sensitivity-based
procedures.

In the experimental design-based method [Egs. (8-14)], ADI-
FOR is used to process the source code for F(x) to obtain the new
source code, which can calculate both the function value F(x) and
its gradient {7(x) simultaneously. These gradients can be used di-
rectly by the optimizerand therefore the costly gradientcalculations
associated with finite differencing of F(x) are avoided.

In the sensitivity-based method, ADIFOR has been used twice.
First ADIFOR is used to compile the source code, which calculates
the original function f(x) and constraints g(x), to obtain a new
code, which can calculatethoseterms plustheir gradients vf (x)and

(x). Note that these terms are required to evaluate the sensitivity-
based robust objective and robust constraint formulations [Egs. (8)
and (9)].

This code serves as the basis for the programs that calculate F(x)
[Eq. (8)] and gxx) [Eq. (9)]. Recall that the optimizer requires
gradients for F(x) and g«(x). Therefore, ADIFOR is used again to
compile the F(x) and g+ x) source code to obtain a new code that
calculates those terms and their gradients vF (x) and Tz Hx). This
avoids all of the finite differencingthat would be required when not
using automatic differentiation.

In this research, automatic differentiation technology is used to
obtain sensitivity information for robust optimization. Both the
experimental design-based robust optimization strategy and the
sensitivity-based procedure make use of automatic differentiation
in application to a multidisciplinary optimization test problem.

VII. Implementation Studies

The two new robust optimizationextensionsdeveloped in this re-
search are implemented in applicationto a multidisciplinarydesign
optimization test problem. A generalized reduced gradient (GRG)
optimizer is used to solve the robust optimization problems.

Aircraft Concept Sizing Test Problem

The test problem selected for this study involves preliminary siz-
ing of a general aviation aircraft (for complete details, see Ref. 24).
The design vector for this aircraft concept sizing problem is com-
posed of variables relating to the geometry of the aircraft, propul-
sion and aerodynamic characteristics, and flight regime. In all, 10
design variables exist for the test problem: x; = aspect ratio of the
wing, x, = wing area, x3 = Cr_ (maximum lift coefficient of the
wing), x, = propeller efficiency, x5 = specific fuel consumption,
x¢ = fuselage length, x; = fuselage diameter, xs = density of air at
cruise altitude, xy = cruise speed, and x;o = fuel weight.

Six system states are calculated for this design problem as illus-
trated in Fig. 3. These states are as follows: y; = maximum lift-to-
drag ratio, y, = total aircraft wetted area, y; = empty weight, ys =
gross takeoff weight, ys = stall speed, and ys = aircraft range.

As illustrated in the dependency diagram of Fig. 4, five feed-
forward couplings and one feedback coupling exist among the

e e T
[x;, x,]
(B ) e

s F;o[i] To ;?Veight Y=Y

= X7 X =
rH= [X40;X5’X1J..YH =
WST [XZ’ x:;l _m_> yv;l = yS

Fig.3 System analysis module.

X =[x %] y=%- ¥l

Vstall

Fig.4 Dependency diagram.
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contributing analyses (CAs) for this problem. The feedback cou-
pling is due to the dependence of empty weight on total weight, and
iteration among these CAs is necessary to converge to a consistent
set of system states.

In implementation, the system analysis is carried out through
execution of Fortran codes applying the empiricism for this class
of aircraft as discussed above. A tolerance of 0.01% was set on the
weight iteration between the empty and total weight CAs.

The objective in this problem is to determine the least gross take-
off weight design within the bounded design space subject to two
performance constraints. The first constraint is that the stall speed
must be less than or equal to some prescribed maximum stall speed,
and the second constraint is that the aircraft range must be greater
thana specified requirement. In standard form, the systemoptimiza-
tion problem is given in Egs. (26-29).

Minimize
f(x) = weight = y, (26)
subject to
Vs
=1_ 0.0 (27)
& Vg 2
range,,
=1_—230.0 (28)
& Ve Z
L <X <xU (29)
where

Vialleg = 701t/'s range,,, = 565 miles
Sensitivity-Based Robust Optimization

In the sensitivity-based method [Egs. (8—14)], ADIFOR can be
used twice as discussed earlier. Table 1 compares the number of
function evaluations,the number of constraintevaluations, the num-
berof systemanalyses,and the CPU time required for three different
implementationsof the sensitivity-basedrobust optimization proce-
dure. Each procedureconvergesto the same robust minimum. Proce-
dure 0 uses central differentiation for calculationof all the gradient

information, including f (x), vz(x), vF (x), and TZ Hx). Proce-
dure 1 uses ADIFOR once to obtain Yf (x) and (x) and then
uses central differencingto calculate {7/ (x) and >i‘(x) for the op-

timizer. Procedure 2 uses ADIFOR tw1ce to calculate all of the gra-
dient information, including vf (x), W(X) vF (x), and W*(X)
The number of system analyses refers to evaluations of the coupled
system as depicted in Figs. 3 and 4.

Table 1 details the significant savings obtained when using au-
tomatic differentiation (ADIFOR) for sensitivity calculations in
sensitivity-basedrobust optimization. Using traditional central dif-
ferentiationon the robust objective functionand constraintsrequires
7056 system analyses. Using ADIFOR once requires only 336 sys-
tem calls and using ADIFOR twice reduces the number of system
analyses to 244. The reductions in number of system analyses re-
quired for robust optimization are 95 and 97%, respectively. There
is some CPU cost associated with using ADIFOR for the gradient
calculations. Although the number of the system analysesdecreases
on the order of 95-97%, the reductions of CPU time are observed
to be 81 and 85%, respectively.

Figure 5 details the computational history of these three pro-
cedures. Significant savings in the number of system analyses re-
quired and CPU time required for robust optimization are obtained
by ADIFOR.

Figure 6 illustrates the convergence history of the robust objec-
tive function F(x), the original objective function f(x), and the

Table1 ADIFOR comparison®

Procedure nfe nce nsa CPU, s
CDO 146 336 7056 21.92
ADIFOR 1 146 336 336 4.08
ADIFOR 2 67 239 244 3.29

anfe, no. of function evaluations; nce, no. of constraint evalua-
tions; nsa, no. of system analyses; CD, central differentiation.
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Fig. 6 Objective convergence history.

variation of the function vr¢[ f(x)] vs the number of robust func-
tion evaluations within the robust optimizer (ADIFOR twice). In the
robust optimization procedure, both the original function f(x) and
its variationare observedto decrease. The convergencehistories are
similar when using ADIFOR once or central differencing.

Figure 7 illustrates the convergence history of the constraints vs
the number of constraint evaluations within the robust optimizer
(ADIFOR twice).

Recall that g, and g, are the conventional constraint formula-
tions, and g# and g# are the robust formulations. Note that g> has
been pushed away from being active to make violation of g, in-
sensitive to design variable variation. Constraint g; is less sensitive
to design variable variation and remains nearly active throughout
the optimization. The convergencehistories are similar when using
ADIFOR once or central differencing.

The oscillation of the constraints in Fig. 7 is attributed to the
GRG optimization procedure. Newton updates of active constraints
within the GRG method are oscillatory in nature.
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Fig.8 Penalty function convergence.

Experimental Design-Based Robust Optimization

In the experimental design-based method [Egs. (15-25)], AD-
IFOR is used to process the code for the robust objective F(x)
[Eq. (15)]to obtaina new source code that calculates both the func-
tion value F(x) and its gradient vF (x) simultaneously.

This strategy makes use of Taguchi’s orthogonalarrays in devel-
oping an approximation for variation in the objective function. A
penalty function formulation [Eq. (17)] is adopted for use in this
method to avoid the unwanted overhead associated with robust con-
straint gradient calls as in the method of Sundaresan et al.3~10 A
penalty coefficient, R, equalto 1.0 E + 5 is used in this trial.

Figure 8 details the significant savings obtained when using au-
tomatic differentiation (ADIFOR) for gradient calculations in ex-
perimental design-based robust optimization.

Usingtraditionalcentraldifferencingon the robustobjective func-
tion F(x) requires the optimizer to make 453 objective function
F(x) calls, whereas using ADIFOR requiresonly 253 function F(x)
calls. This reductionis expected becauseeach trial required 10 GRG
iterations for convergence. Each GRG iteration invokes a gradient
calculation for {7 (x). The elimination of the central differencing
function evaluations (20 per iteration) for 10 GRG iterations re-
sults in a savings of 200 function evaluations when using automatic
differentiation.

This reductionin robust functionevaluationsis even greater when
one considersthat each robustobjective functioncall requires 16 ad-
dition evaluations of the original objective (i.e., system analyses).
There are several big spikes that occur after 200 function evalua-
tions in Fig. 8. These occur because some of the fractional factorial
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Fig. 10 Penalty and variation history.

sampling points and the current design are infeasible. The large
value of the penalty term increases the robust objective function
value dramatically. To keep these plots in a proper scale, the spikes
have been truncated.

Figure 9 compares the number of system analyses required for
experimental design-based robust optimization. Figure 10 details
the convergence history of the robust objective function F(x), the
penalty function f,(x), and the variation of the penalty function
vrt[ f,(x)] vs the number of robust function evaluationsin the opti-
mizer. To illustrate the influence of the penalty terms, the variation
of the original function vr[ f(x)] is also calculated and shown in
this plot.

The impactof the penaltyterm can be observedin the convergence
history of the variationof the penalty function, where positive spikes
indicate constraint violationsat the fractional factorialexperimental
sites evaluated in Egs. (18)and (19) or the current design[Eq. (20)].
The robust optimizer acts to push the design back into the feasible
region. The results in this plot are consistent with the constraint
results shown in Fig. 11.

The difference between the variation of the original function
vrt[ f(x)] and variation of the penalty function vr [ f,(x)] high-
lights the effect of the penalty term. The variation of the original
function vr [ f(x)] decreases 24% during the optimization proce-
dure.

Figure 11 details the constraint histories for this problem vs the
number of robust objective function evaluations. Both constraints
are driven away from being active at the robust optimum design.
The use of the penalty formulation pushes constraints away from
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being active to make violation of that constraint insensitive to de-
sign variable variation. Future studies will be directed toward de-
veloping a strategy for actively setting the penalty coefficient R
to ensure robust constraint feasibility. In this study, a value of R
equalto 1.0 E + 5 is used and is sufficiently large to ensure proper
convergence.

Figure 12 details the convergence history of the objective func-
tion f,(x) at the current design and the individual penalty values
fp(x) (i =1, ..., 16) ateachof the L-16 fractionalfactorialexper-
imental sites for each robust objective calculation. Remember that
each robust objective calculation [Egs. (15) and (18)] requires cal-
culation of 16 penalty functions[Eq. (17)] at the fractionalfactorial
experimental design sites.

Figure 12 shows not only the function value at the current design
but also the function value at the worst-case sample points during
the robust optimizationprocedure. Except for a few spikes, the range
of the distribution of the functions at the sample points is observed
to decrease during the optimization procedure. Figure 12 providesa
good picture that visually verifies the goals of experimental design-
based robust optimization.

Note that Figs. 10-12 detail convergencehistories for the experi-
mentaldesign-basedrobust optimization procedure where ADIFOR

has been used for gradient calculations. Similar trends would be ob-
served when using central differencing for gradient calculation.

VIII. Summary and Conclusions

Most of the computationalresearch in robust optimizationhas fo-
cused on developingefficient robust objective and robust constraint
formulations. These robust formulations, although efficient at esti-
mating variance, introduce significant costs when used for robust
optimization. The major cost introduced when robust optimization
is performed is the computationalcost of obtaining derivatives(i.e.,
sensitivities) for optimization.

We are aware of two investigations'®-2* in which the computa-
tionalcostsof calculatingsensitivitiesof the robustdesignobjectives
and constraints are addressed. In those studies, the original objec-
tive and constraints were approximated by using quadraticresponse
surface models?® and quadratic polynomials.!® Sensitivitiesof these
approximate models were calculated analytically by using the coef-
ficients of the approximate models. Although these sensitivities are
obtained inexpensively, there is some question about their utility in
calculating function variance because the quadratic approximations
may not capture the variation of the original functions.

In this research, automatic differentiation techniques are used to
avoid the costly finite differencingof robust objective functionsand
robust constraints. Sensitivities calculated by automatic differen-
tiation are exact and therefore enhance performance. To evaluate
the utility of using automatic differentiationin robust optimization,
two new robust optimization extensions are developed. One is a
sensitivity-basedprocedure, and the other makes use of experimen-
tal design techniques. These two new robust optimization exten-
sions are implemented in application to an aircraft concept sizing
test problem.

Automatic differentiation greatly increases the efficiency of ro-
bust optimization strategies. Using automatic differentiationin the
sensitivity-based method, one observes a 95-97% reduction in the
number of system analysis required for robust optimizationand an
81-85% reduction in the CPU time required when compared to cen-
tral differencing for gradient calculations. Using the experimental
design-based method, there is a 44% reduction in the number of
system analysis and a 21% reduction in the CPU time compared
with central differencing. The savings in CPU time is less than
the savings in system analyses for both methods because of the
computational overhead incurred when automatic differentiation is
used.

The sensitivity-basedstrategy is observedto be significantly faster
when using either ADIFOR once or ADIFOR twice comparedto the
experimental design-based strategy. This is to be expected because
the use of ADIFOR once in the sensitivity-basedmethodto calculate
the sensitivities of the original objective f(x) and constraints g(x)
does not have an equivalent in the experimental design-based pro-
cedure. The experimentaldesign-basedstrategy calculates variation
in the robust objective by evaluating the robust objective at several
(ns) locations in the vicinity of the currentdesign. This cost cannot
be removed by automatic differentiation. Therefore, the sensitivity-
based strategy is the preferred method for robust optimization in
situations where the variation can be reasonably estimated with ex-
act derivatives.

The two robust optimizationextensionsdevelopedin this research
are variations of previous formulations and have been designed to
eliminate cited drawbacks. The penalty function used in the exper-
imental design-based method eliminates redundant calculations of
the constraint gradients. The sensitivity-basedmethod combines the
merits of previous work while eliminating shortcomings. Using the
two strategies in application to the aircraft concept sizing problem,
the design variables are pushed away from their bounds and the
constraints are restricted from being active. Convergence histories
ofthe function, constraintsand variation confirm that the two robust
optimization extensions are effective in decreasing the variation of
the function while maintaining feasibility robustness.
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